We analyze resonant light scattering by a cloud of cold atoms with randomly distributed positions in a regime where near-field interactions between scatterers cannot be neglected. Using a microscopic approach we calculate numerically the collective eigenmodes of the cloud for many realizations. It is found that there always exists a small number of polaritonic modes. Using a macroscopic approach, we show that the atomic cloud is equivalent to a dielectric particle with an effective permittivity, and that there is a one-to-one correspondence between the microscopic polaritonic modes and the modes of the dielectric particle.
We analyze resonant light scattering by a cloud of cold atoms with randomly distributed positions in a regime where near-field interactions between scatterers cannot be neglected. Using a microscopic approach we calculate numerically the collective eigenmodes of the cloud for many realizations. It is found that there always exists a small number of polaritonic modes. Using a macroscopic approach, we show that the atomic cloud is equivalent to a dielectric particle with an effective permittivity, and that there is a one-to-one correspondence between the microscopic polaritonic modes and the modes of the dielectric particle.
Light scattering by an ensemble of particles is usually viewed as a multiple scattering process involving a sequence of single scattering events. Each scatterer is considered to be in the far-field of the others so that a scattering matrix approach can be used [1] . When the density of the system increases, correlations and near-field interactions (the latter is often called recurrent scattering or, for atoms, resonant van der Waals interaction) between scatterers start playing a role. These effects and also coherence effects can be included using a coherent theory of multiple scattering [2] [3] [4] [5] . Within this framework, it is possible to show that the electric field averaged over an ensemble of realizations of the system obeys a propagation equation in a homogeneous system with an effective dielectric permittivity. Many standard models are available to derive the effective permittivity in the dense regime [3, [6] [7] [8] . The regime where the recurrent scattering becomes significant remains largely unexplored experimentally.
The physics of multiple scattering of light has been revisited in the context of resonant atomic gases in the last fifteen years. Backscattering enhancement has been measured in the low intensity regime where a classical description of scattering is valid [9, 10] . Cold atoms allow changing the scattering regime by detuning the laser: from optically thin to optically thick media [11] and from dilute to dense media [12] . In the dense regime, novel effects are expected as pointed out by Morice et al. [13] . The recurrent scattering has been studied theoretically in Refs. [14, 15] . These works predict that recurrent scattering becomes significant when the dipole-dipole interaction strength parameter ρ/k 3 is larger than unity, where ρ is the number of atoms per unit volume and λ 0 = 2π/k is the atomic resonance wavelength. It is interesting to note that this condition can be cast in the form kl < 1 where l ∼ k 2 /ρ is the elastic mean free path on resonance. This condition is thus similar to the so-called Ioffe-Regel criterion of Anderson localization [3] . In this density regime, it has been shown that the effective dielectric permittivity can be negative [16] . The decrease of the elastic mean free path due to recurrent scattering has been discussed in Refs. [17] [18] [19] . Another interesting aspect of scattering by a cold-atom system is the presence of collective The incoming light excites the collective eigenmodes of the system (visualized by the blue sinusoid), which gives rise to a scattering pattern in, essentially, the forward direction. Here, we have plotted the modulus square of the electric field radiated in the far field at resonance, averaged over 1500 realizations, |E| 2 .(b) Homogeneous medium described by a dielectric permittivity ε eff exhibiting optical resonances. The scattering pattern, |E| 2 , is found to be similar to (a) except for the diffuse light, which is null in (b).
effects. Recently, single-photon superradiance has been studied both theoretically [20] and experimentally [21] . Bienaimé et al. described light scattering quantum optically for a finite size system and found subradiant and superradiant states [22] . They predicted that superradiance gives rise to directional light scattering. It has also been reported that spontaneous emission is dominated by superradiant modes and that the emission spectrum displays both negative and positive Lamb shifts in the presence of resonant van der Waals interactions [23] . Sokolov et al. [24] analyzed the response of an ensemble of cold resonant scatterers and they compared a modal microscopic description with a macroscopic description based on the concept of effective permittivity; both approaches are in good agreement for ρ 0.1k 3 . Their results show the importance of polaritonic modes, which are collective excitations of dipoles coupled to the electromagnetic field [25] , a concept largely used in the description of the optical response of ordered condensed matter systems.
In this work, we study dense (ρ k 3 ) and disordered systems using, on one hand, a microscopic model including collective effects and recurrent scattering, and on the other hand a macroscopic model based on a homogeneous system with an effective permittivity. We find that one can exhibit an effective permittivity even for dense systems and that the microscopic polaritonic modes can be identified with the macroscopic modes of the homogeneous system. To demonstrate this identity, we study theoretically the microscopic and the macroscopic modes of an atomic system consisting of N resonant dipoles [12] . The atoms occupy a small volume with dimensions comparable to the resonant wavelength λ 0 [see Fig. 1a ]. The dipoles being cold atoms in vacuum, they experience no non-radiative losses and a negligible Doppler effect with respect to their radiative linewidth Γ 0 . In the numerical simulations presented below, we have taken rubidium-87 atoms, λ 0 = 780 nm, and Γ 0 = 2π × (6 MHz). The formalism developed in this work is not limited to this system only, but is also applicable to condensed matter systems such as dense systems of quantum dots or organic molecules. Spatial coherence, superradiance and strong coupling with surface plasmons have been observed in these systems [26] [27] [28] [29] [30] [31] .
The paper is organized as follows. First, using a microscopic model we study the collective eigenmodes of the system and show that some of them are polaritonic. We show that these modes correspond to situations where all dipoles oscillate. Also, the spatial structure of these modes does not depend on the particular positions of the scatterers. We then analyze light scattering by the system using this model and compare it with light scattering by a homogeneous system with an effective permittivity, as sketched in Fig. 1 . We show that polaritonic modes can be identified with the macroscopic optical modes of that system. We also discuss the origin of losses in the effective permittivity.
We consider a cloud of atoms uniformly distributed in a rectangular box (see Fig. 1a ). The number of atoms, N = 450, and the dimensions of the box, 4.8λ 0 ×0.6λ 0 ×0.6λ 0 , correspond to typical experimental conditions obtained by laser cooling and trapping techniques in wavelengthsize optical dipole traps [12] . With such parameters, ρ/k 3 ∼ 1 so that recurrent scattering starts playing a significant role. The cloud is investigated in the weakexcitation limit, where its optical properties can be described by classical optics [23, 32] . The system being dense, we treat the electromagnetic field vectorially to properly take into account the 1/r 3 -dependence of the near-field interactions (r is the interatomic distance). The atoms are modeled as point-like and identical scatterers characterized by an isotropic electric polarizability matrixᾱ(ω) = α(ω)1 1, where α(ω) = (3πΓ 0 /k 3 )/(ω 0 − ω − iΓ 0 /2), with ω 0 = ck the transition frequency and c the speed of light in vacuum. This polarizability model corresponds to a classical J = 0 → J = 1 atom with three transitions. It assumes elastic scattering events and therefore no non-radiative decay channels.
The microscopic eigenmodes of the atomic cloud are obtained by searching for a self-consistent solution of the coupled-dipole equations in the absence of a driving electric field. The stationary solution is one where each oscillating dipole drives the others. The induced dipoles p i can be written as
, where
(r j , r i ; ω)p j is the electric field at the position of scatterer i created by the induced dipole of scatterer j. Here,Ḡ(r j , r i ; ω) is the vacuum Green tensor [33] . The dipoles are thus coupled through the following linear system of equations:
The eigenmodes supported by the cloud correspond to the solutions of Eq. 1. Each eigenmode has a complex frequency which cancels the system determinant. Assuming ω
2 )P β . Because of the narrow atomic linewidth and of the non-resonant character of the vacuum Green tensor, this is an accurate assumption.
This eigenvalue problem has 3N eigenvalues. The corresponding eigenvectors P β are composed of the vector components of all N dipole moments, Figure 2 shows all 405, 000 eigenfrequencies in the complex plane obtained from 300 realizations of the cloud. We observe three distinct families of modes, each defined in terms of their collective linewidth Γ β and their collective frequency shift Ω β = ω β − ω 0 : (1) Γ β ∈ {0, 2Γ 0 } and |Ω β | ≫ Γ 0 , (2) Γ β ≫ Γ 0 and (3) others. Also, within the type 2 family of modes, one can distinguish a few patches (four in this case) of modes (see rectangles in inset in Fig. 2 ), which we denote as polaritonic modes for reasons explained below. More precisely, for a single realization, the spectrum of eigenfrequencies always contains the same number of polaritonic modes, with each mode falling into one of these patches [? ] . Figure 3a shows a plot of the dipole moments squared |p j | 2 , for a typical mode of type 2. For this collective mode, most of the atoms are excited and Fig. 3a suggests |p j | 2 oscillates spatially along the z-axis. We have checked that this oscillation is an intrinsic property of the homogeneous system, i.e. that it is a property of the shape and density of the sample but not of the exact positions of the atoms. To do this, we calculate the average dipole moment squared |p| 2 , where · denotes averaging both inside thin slices perpendicular to the long axis of the box, and over 300 realizations of the uniform atomic distribution. Only the modes inside the black rectangle in inset of Fig. 2 are taken into account in the average. Figure 3b shows that the spatial oscillation observed in Fig. 3a survives the ensemble averaging. Note that the symmetry of the macroscopic mode structure with respect to the plane z = 0 is restored by the averaging procedure. These facts confirm that these few type 2 eigenmodes are polaritonic by nature. This is in contrast with the other types of modes, which do not show this spatial periodicity along the zaxis nor involve all the dipoles simultaneously (see [39] for examples of modes of types 1 and 3).
We now study light scattering by the cloud of atoms. Solving the coupled-dipoles equations using the laser field as an external driving source allows to calculate the scattered field E in the far field for a given realization of the cloud when it is illuminated by an x-polarized plane wave, as is done in our recent work [37] . After averaging over 1500 realizations, the scattering pattern obtained near resonance (ω = ω 0 ) exhibits one lobe in the forward direction (see Fig. 1a ) and some diffuse light which is on average quasi-isotropic and has a smaller amplitude. However, these two features have comparable contributions when integrated over the full solid angle with 54% (46%) of the total scattered light, respectively. The lobe in the forward direction is very similar to the diffraction pattern originating from a homogeneous macroscopic object, suggesting that one could replace the cloud, with its random graininess, by a homogeneous cloud with the same shape and extract an effective permittivity.
We understand these observations by decomposing the electric field E scattered by the random medium into an ensemble-averaged field E (also denoted coherent) and a fluctuating field δE (also denoted incoherent), E = E +δE, with δE = 0 [2, 4] . , 4] . From this it follows that E is the field diffracted by an effective medium with dielectric permittivity ε eff and with the same shape as the cloud. The scattered intensity can also be decomposed in a coherent and incoherent contribution
The first term corresponds to the lobe in the forward direction in Fig. 1a , while the second term is the quasi-isotropic diffuse light.
We now proceed to the extraction of the effective permittivity of the cloud as a function of frequency. Textbook mean-field theory gives for low-dense media the Lorentz-Lorenz relation between the macroscopic permittivity and the polarizability of the scatterers
This formula takes only partially dipole-dipole interactions into account by the local-field correction [34] . Recurrent scattering is not included, while its impact on the effective properties is expected to be of importance for dense systems [4, 19, 35] . In order to derive the effective dielectric constant by accounting for all multiple scattering effects, we solve an inverse problem. We compare the coherent contribution | E | 2 of the far-field scattering pattern of the atomic cloud with that of an effective homogeneous particle with a permittivity ε eff and the same geometry as the cloud. The latter is numerically calculated with an aperiodic Fourier modal method (a-FMM) [36] , using ε eff as a fitting parameter. We find that the coherent far-field scattering pattern agrees with the microscopic pattern within 1% (compare Figs. 1a and b) showing that the effective permittivity approach is valid. We conclude that this macroscopic approach captures both the recurrent scattering and the collective effects of the microscopic picture. By repeating this procedure for different frequency detunings δω = ω − ω 0 , we obtain the spectrum of the effective permittivity (see Fig. 4 ), which is found to be significantly different from the prediction by Eq. (2). Our results evidence that the Lorentz- Lorenz formula is not valid for a dense cloud of resonant scatterers; the discrepancy between the simulation and the Lorentz-Lorenz theory increases with the density because dipole-dipole interactions become stronger. This result has been recently confirmed experimentally using a cloud of cold atoms with similar shape and density [37] . It is all the more remarkable as the system is five orders of magnitude more dilute than a gas at ambiant conditions for which the Lorentz-Lorenz theory is an accurate description.
It is noteworthy that at resonance the gas is described by a permittivity with a negative real part and thus optically behaves as a metal. From the permittivity we derive the imaginary part of the refractive index n eff = ε 1/2 eff and thus find the mean free path at resonance, l = 1/[kIm(n eff )]. We find l = 1/(1.5k), indicating that the Ioffe-Regel criterion is satisfied [3] . Yet, we have found many modes extended throughout the whole system, indicating that the localization length, if any, is larger than the size of the system.
We have seen that the far-field scattering of the atomic cloud is very similar to that of a homogeneous cloud with an effective permittivity. We now make explicit the relation between the (macroscopic) modes of the homogeneous cloud and the (microscopic) polaritonic modes. To do that, we use the fitted effective permittivity ε eff (ω) (see solid lines in Fig. 4 ) and calculate the macroscopic modes of the homogeneous cloud, which are poles of the scattering matrix, by iteratively solving Maxwell's equations in the complex frequency plane [38] . Remarkably, we find that the macroscopic modes coincide (within error bars) with the above-mentioned polaritonic modes (see Fig. 2 ). Despite the fact that the geometrical length of the cloud is fixed and the frequency of the laser is almost fixed (close to ω 0 ), it is possible to find several longitudinal modes because of the strong dispersion of the medium close to resonance. This provides a physical explanation of the results reported by Li et al. [23] , who studied the spontaneous emission spectrum of a dense cloud of atoms and found blue and red-shifted modes. Figure 3 shows that the above-mentioned coincidence is not accidental: the microscopic and macroscopic modes have not only the same frequency and linewidth, but also the same spatial structure along the z-axis. This is true also transversally [39] . Also, this coincidence is not restricted to the interaction strength parameter studied here (see [39] for a study of the modes and scattering pattern of a similar system with ρ/k 3 = 5.). Our analysis thus sheds new light on the connection between the microscopic and macroscopic approaches of scattering, as one can directly identify the (microscopic) polaritonic modes with the macroscopic modes of the corresponding effective homogeneous object.
In the macroscopic model, the appearance of an imaginary part of the effective permittivity (see Fig. 4 ) accounts for losses, which correspond to a radiative transfer of energy from the coherent field, along its propagation through the sample, to the incoherent (diffuse) field. While losses are generally considered as being irreversible as a result of dephasing processes, e.g. coupling to phonons, we note that this cannot be the case here, as there is no loss mechanism in the microscopic model. Before averaging, the field scattered by a single realization of the cloud can be time-reversed. After averaging only the coherent field has a well-defined phase and can be time-reversed. In summary, in the presence of dephasing processes, or when the positions of the atoms are changed randomly from one realization to another (as is the case when we ensemble-average), the coupling of the incident light to dipole fluctuations, leads to an irreversible radiation of incoherent light.
In conclusion, we have shown the existence of polaritonic modes in a dense atomic system. These polaritonic modes do not depend on the atomic positions but only on the shape and size of the cloud and on the atomic density, they are spatially delocalized, and strongly superradiant. We have shown that they can be identified to the macroscopic modes of a homogeneous object with an effective permittivity. These results do not only apply to cold atomic clouds but also to any dense system of resonant scatterers such as molecules or quantum dots. Our work provides a unified vision of scattering by dense systems of resonant scatterers.
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We thank V. Sandoghdar and R. Carminati for fruitful discussions. We acknowledge support from the E.U. through the ERC Starting Grant ARENA, from Triangle de la Physique (COLISCINA project), labex PALM (ECONOMIC project) and Region Ile-de-France (LISCOLEM project). N.J. S. is supported by Triangle de la Physique and Université Paris-Sud. J.-J. G. is a senior member of Institut Universitaire de France. In this section, we discuss the properties of type 1 and 3 eigenmodes as defined in Fig. 2 of the main text. In the main text, it has been shown that type 2 eigenmodes have a large collective linewidth. This large collective linewidth can be understood by the periodically arrangement of the dipole moments, which allows phase matching of the radiation by the dipoles and therefore superradiance along the axis of the object. Note that this phase matching only occurs within a rather limited solid angle (∼ 2π/15). This is why the linewidth is not enhanced by a factor N as it is the case for superradiance by N emitters in a subwavelength volume. As the other modes do not possess such a spatial arrangement, the collective linewidth for both type 1 and 3 is smaller.
Type 1 eigenmodes have either a collective linewidth Γ ≈ 2Γ 0 or Γ ≪ Γ 0 and a large frequency shift. Figure 6a shows a typical eigenmode of type 1. It contains only two excited atoms so that we call it a dimer mode. When two dipoles oscillate in-phase and are very close together, the electric fields of both dipoles interfere constructively. Therefore, the pair of dipoles radiates twice as fast (Γ = 2Γ 0 ) as they would do independently. However, when the dipoles oscillate out of phase, their electric fields interfere destructively, and the pair of dipoles is strongly sub-radiant (Γ ≪ Γ 0 ). The large level splitting is due to the large resonant van der Waals interaction.
All modes we have not discussed sofar belong to type 3. These modes involve either many dipoles distributed throughout the whole volume but without a regular spatial structure (Fig. 6d) as the one observed in Fig. 3b of the main text, or a localized mode involving only a subset of dipoles (Fig. 6c) .
In order to demonstrate that neither type 1 nor type 3 modes have a spatial structure, as opposed to polaritonic modes, we have calculated the average dipole moment square along the long axis of the box for these modes. Figure 7 does not possess the oscillatory structure observed for type 2 modes.
Appendix B: Comparing microscopic and macroscopic modes
As can be seen from Fig. 3 in the main text, the macroscopic mode coincides very well with the microscopic polaritonic mode. In this section, we detail the procedure used to compare the macroscopic mode with the average dipole moment square.
Let us note that the dipole moment square for a single realization (see Fig. 3a of the main text) corresponds to a single eigenmode. In the main text, the procedure of obtaining these eigenmodes has been explained. From the derivation, it follows that these modes are calculated in the absence of an external driving field, so the dipole moments are known apart from a multiplication factor. This multiplication factor is obtained by normalizing the modes, which has been done as explained in the main text by imposing j |p β j | 2 = 1. Obviously, the normalization issue also arises for the macroscopic modes. The latter have been normalized such that their intensity coincides well with the average dipole moment square. This way of comparing macroscopic and microscopic modes is consistent with the fact that p ∝ E. Lastly, we note that |p| As a consequence, |p| 2 exhibits an offset, which is due to dipole moment fluctuations. This explains the fact that a significant offset as for |p| 2 is not present for |E| 2 . In order to superimpose them, we have added a constant offset to the macroscopic |E| 2 .
Appendix C: Polaritonic eigenmodes for ρ/k 3 = 1
In the main text, we have only shown the spatial distribution of dipole moments for polaritonic mode (a) of Fig. 5 . For completeness, we show here all polaritonic modes (a) through (d) in Fig. 8 . We note that all polaritonic modes can be fitted with the intensity |E| 2 of the corresponding macroscopic mode of the homogeneous cloud. Additionally, we observe that the number of oscillations decreases by one from (a) to (d). Modes (a)-(d) are mostly transversally polarized, i.e. in the (x, y)-plane. Figure 9 shows the transverse profile of the polaritonic mode in Fig. 8a . In this section, we show the eigenmodes for the cloud ρ/k 3 = 5, with N = 450 atoms and dimensions 2.1λ 0 × 0.4λ 0 × 0.4λ 0 . Figure 10 shows the distribution of eigenmodes in the complex plane. We note that also for this density, polaritonic modes are observed. After the averaging procedure, which has been explained in the main text, the four polaritonic modes are visualized in Fig. 11 . The modes (a), (b), (c) and (d) correspond to the averaging over the microscopic modes inside the rectangles in the inset of Fig. 10 . Modes (a) and (d) are mostly transversally polarized, i.e. in the (x, y)-plane. Modes (b) and (c) are polarized along the long axis of the box (z-axis). The same rule as we have seen before holds: the number of oscillations decreases by one when we go to the next mode which has a slightly higher frequency.
